Enumeration of alternating permutations according to peak sets  by Strehl, Volker
JOURNAL OF COMBINATORIAL THEORY, Series A 24, BI?-2dO (1978) 
Note 
Enumeration of Alternating Permutations According to Peak Sets 
VOLKER STREHL 
Institut fir Mathematische Maschinen und Datenverarbeitung I 
der Universitti? Eriangen-Iiurnberg, Martensstrasse 3, >D-8520 Erfangen, West Germany 
Communicated by J. Riordan 
Received Januav 3, 1977 
The number of alternating permutations with specified peak set is calculated. 
A recent result of J. Rosen (J. Comb. Theory, Ser. A 20 (1976), 377) on the tangent 
numbers is shown to be a simple consequence of this calculation. Furthermore, 
the companion result for the secant numbers is proved. 
A permutation CT of [n] = { 1,2,..., H} is called alternuting if 
sign(u(i + I) - u(i)) = (- l)i (1 < i <n). 
For any alternating permutation of [n] the set {u(l), u(3),...} will be called 
the peak set of u. For n even, n = 2k, and for any sequence 2 < il < 
it < **a < ih = nlet&(il , iz ,..., ik) denote the set of alternating permutations 
of [n] with peak set equal to {i1, is ,..., i*], and let sk(il, iz ,..., &J = card 
&A& , i2 ,..., Q. For n odd, n = 2k + 1, and for any sequence 2 < i1 < 
is < *** < ik = n - 1 < z~+~ = n let Tk(il, iz ,..., &+r) denote the set of 
alternating permutations of [n] with peak set equal to {iL , iz ,..., ik+r], and let 
Ml , i2 ,..., ik+J = card Tk(il , iz ,..., ik+1). 
PROPOSITION. 
(4 sk(il, iz ,..., iJ = fl (ij - 2j+ 1)2 
lQ@ 
@I fdh 3 i2 ,..., ik+l) = IJ (ij - 2j + 2)(ij - 2j + 1) 
l&gk 
ProoJ It is only necessary to establish, for k > 1, the recursion 
sk& , j2 ,..., ik) = (il - 1)’ - sk-l(i2 - 2, i8 - 2,..., i?+ - 2) in case (a), 
tk& , i2 ,..., ik+l) = il - (il - 1) . t&i2 - 2, is - 2 ,..., ik+l - 2) in case (b), 
then the assertion follows by induction. 
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For case (a), take any u cz &(il , is ,..., Q. Either u(1) = iI , then there are 
iI - 1 possible values for u(2) and the sequence u(3) u(4) **a u(2k) may be 
viewed as an “alternating bijection” from {3,4,..., 2k} to [2k]\{u(l), u(2)}, 
and by mapping both sets in bijective and order-preserving manner to 
[2/? - 21 this is seen equivalent to an element of ,S’~-I(iz - 2, & - 2,..., ik-2). 
Or one has u(2j + 1) = iI for some j, 1 < j < k - 1; then there are 
(iI - 1) . (iI - 2) possible values for the ordered pair (u(2j), u(2j + 2)). 
Erasing u(2j) and ~(272 + 2) from the sequence u(l) u(2) **a u(2k), one is left 
with an “alternating bijection” from [2k]\{2j, 2j + 2} onto [2k]\{u(2j), 
u(2j + 2)}. In particular: u(2j - I) > u(2j + 1) and u(2j + I) < u(2j + 3), 
where the last inequality makes sense only if j < k - 1, since u(2j + 1) = iI 
is the smallest peak in the permutation u. Thus the resulting object is equivalent 
to an element 6 of S&iz - 2, ia - 2,..., ik - 2). Note that 6(2j) = iI - 2, 
which means that for different values of j the resulting elements of 
Sk-l(i2 - 2, is - 2,..., i,& are necessarily distinct. Obviously the whole 
procedure is reversible, and one concludes that 
dh , f2 ,..., iti) = [(iI - I) + (iI - l)(& - 2)] * s&i2 - 2, & - 2,..., ik - 2) 
= (il - I)2 * skel(i2 - 2, i3 - 2 ,..., ik - 2). 
The identity for case (b) follows in just the same way, but here i1 may also 
appear as last element, i.e., u(2k + I) = i1 ; taking this additional possibility 
into account, one gets 
h& , 4 ,..., ik+I) = [(2iI - 1) + (il - l)(il - 2)] * t&i2 - 2, is - 2 ,..., ik+I - 2) 
= Zl ’ - (il - 1) * tkel (iz - 2, & - 2 ,..., ie+I - 2). 
For the case k = 1 we have 
Sl(2) = I, t1(2, 3) = 2, 
which agrees with the asserted expression. Thus the proposition is proved. 1 
Let Ak denote the set of all integer-sequences A = AIAz .*a A* with 
Al= 1, I <J$<&+1 for 2 <j<k; 
these sequences are sometimes called alternate level codes of ballots of length k. 
There is an intimate connection between alternate level codes and baZlot 
Zead sequencex. In fact, let fi = &V1 *** & be a ballot lead sequence of length 
2k, i.e., 
A=L pia1 and ,& = ,& * 1 for 1 < i < 2k; 
let 1 =jl < jz < .*. < jk denote the sequence of indices such that 
Pj4+l = Pj, + 1 (1 < i < kl, 
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then AC AZ *.- #& is o b viously an alternate level code of length k. This mapping 
from ballot lead sequences to alternate level codes of ballots is easily seen 
to be a bijection, thus in particular one has 
card L& = (2k)!/k!(k + I)!, the kth Catalan number. 
Note now, that for n even, n = 2k, 
AlA2 *** Ak k+ {& + I, &-I + 3 ,..., A2 + 2k - 3, Al + 2k - 1} 
is a bijection from LIP to the set of possible peak sets of alternating permuta- 
tions of [n]; for n odd, n = 2k + 1, the same is achieved by 
AlA *** Ak - {&c + I, Ak-1 + 3Y.V A2 + 2k - 3, Al + 2k - 1, 2k + l}. 
Hence, by the above proposition and using Andre’s classic result [l, 2, 31 
on alternating permutations it follows that: 
where 
tanz=z+f k=l (2k : 1) ! “‘+” 
Result (b) is nothing but Theorem 1 of Rosen’s recent article [4], where a 
completely different proof is given. Recently the present author was informed 
that D. Dumont has found another “constructive” proof for (b), using 
alternating permutations. 
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